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Abstract 

To  compute  the  electrical  resistance  (~  conformai  modulus)  of  a  pclygonally  shaped 
resistor  cut  from  a  sheet  cf  uniform  resistivity,  it  suffices  to  find  a  conformai  map  of  the 
polygon  onto  a  rectangle.  Constructing  such  a  map  requires  the  solution  of  a  Schwarz- 
Christoffel  parameter  problem.  First  we  show  by  examples  that  this  is  practical  numeri- 
cally. Then  we  consider  an  inverse  "resistor  trimming"  problem  in  which  the  aim  is  to 
cut  a  slit  in  a  given  polygon  just  long  enough  to  increase  its  resistance  to  a  prescribed 
value.  Wc  show  that  here  the  solution  can  be  obtained  by  solving  a  "generalised  parame- 
ter problem."  The  idea  of  a  generalized  parameter  problem  is  appll cable  also  in  many 
other  Schwarz-Christoffel  computations. 
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1.  Introduction 

In  integrated  circuitry  and  elsewhere  in  electronic:,  the  electrical  resistance  of  a 
polygonal  circuit  clement  or  pathway  is  often  physically  important  [77.  In  the  simplest 
problem  of  resistor  aruilysis,  a  polygon  h  given  and  its  resistance  must  be  determined.  In 
the  simplest  problem  of  iesistor  design,  a  desired  resistance  is  given  and  a  corresponding 
polygon  must  be  selected  from  a  family  of  candidates  pammetiizcd  by  some  geometric 
quantity.  Of  course  one  could  devise  mathematically  equivalent  pmblems  involving  heat 
conduction,  ideal  fluid  flow,  magnetostatics,  etc  Questions  collected  with  electiical 
capacitance  are  also  closely  related.  In  problem-independent  terminology,  we  are  con- 
cerned here  with  the  conformrA  modulus  of  what  is  sometimes  called  a  polygonal  quadrila- 
teral [1,4]. 

The  resistance  is  a  global  quantity  depending  en  the  solution  of  a  simple  boundary 
value  problem  for  Laplace's  equation,  and  as  a  result  it  is  invariant  under  a  confcrmal 
map.  (Intuitively,  a  conformal  map  behaves  locally  like  a  scale  change  times  a  rotation, 
and  both  of  these  preserve  resistance.)  Therefore  one  way  to  perforin  a  calculation  of  this 
sort  is  by  constructing  a  conformal  map  onto  a  new  domain  where  the  problem  is  trivial  — 
a  rectangle.  If  the  resistor  is  polygonal,  thi3  map  can  be  written  as  a  composition  of 
Schwarz-Christoffel  transformations. 

Conformal  mapping  methods  for  resistor  analysis  en  polygons  have  been  proposed 
before  [13,14].  Their  practical  implementation,  however,  usually  requires  the  numerical 
solution  of  a  Schwarz-Christoffel  "parameter  problem,"  which  has  only  recently  become 
feasible  for  general  polygons  [9,10].  A  Fortran  package  for  such  computations  called 
SCPACK  is  available  from  the  author  [11].  Section  2  gives  examples  of  high-accuracy 
resistance  computations  based  on  SCPACK. 

Conformal  mapping  methods  for  resistor  design  have  perhaps  not  been  discussed  pre- 
viously. The  main  purpose  of  this  paper,  carried  out  in  Sec.  3,  is  to  show  that  design  can 
be  accomplished  at  roughly  the  same  cost  as  analysis  by  formulating  an  appropriate  "gen- 
eralized parameter  problem."  For  definiteness  we  consider  a  particular  problem  of  "resis- 
tor trimming,"  in  which  the  aim  is  to  cut  a  slit  in  a  resistor  of  such  a  length  as  to  increase 
its  resistance  to  a  prescribed  value.  This  idea  is  of  seme  practical  importance  in  integrated 
circuit  manufacture,  for  it  is  difficult  to  fabricate  integrated  circuit  wafers  containing 
resistance  elements  accurate  to  high  tolerances.  Instead,  one  can  design  the  wafer  so  that 
the  resistance  is  10%  or  so  too  low,  and  then  tune  it  to  the  desired  value  by  cutting  a  slit 
with  a  k  ~er.   The  mathematical  problem  of  predicting  the  appropriate  slit  length  has  been 
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attackcd  previously  by  other  methods  [3,6]. 

The  Schw:  rz-Christoffel  approach  to  L^pkje-rclated  calculations  en  polygons  has  the 
virtue  that  unlike  methods  based  on  integral  equations,  finite  differences,  finite  element:', 
or  the  superposition  of  partieular  solutions,  it  preserves  the  property  inherent  in  the  pre'; 
lem  of  having  only  a  finite  number  cf  parameters.  In  particular  it  automatically  obtains 
the  correct  singularities  at  comers.  Because  cf  this,  the  ScLwarz-Christcffcl  method  can 
achieve  very  high  accuracy  without  much  penalty  in  execution  time,  as  cur  examples  will 
shew.  (For  low  accuracy,  other  methods  may  be  better;  see  [5]  for  a  description  cf  a 
highly  effective  method  based  en  breaking  the  domain  up  into  simple  subpclygcns.)  Its 
chief  drawback  is  that  it  genc^lizea  poorly  to  related  problems  involving  more  compli- 
cates differential  equations  (e.g.  variable  coefficients  or  nonzero  righthind  side)  cr 
geometries  (e.g.  curved  boundaries  or  multiple  connectivity). 

The  idea  of  a  generalized  parameter  problem  is  applicable  in  a  wide  variety  of 
Schwarz-Christoffel  computations,  of  which  our  resistor  trimming  problem  is  only  the  sim- 
plest example.  Some  other  examples  are  mentioned  in  Sec.  4. 


2.  Analysis 

Let  P  be  a  polygon  with  Ns4  vertices  ivlf  .  .  .  ,wv,  and  let  3/1tt  denot-  the  external 
angle  at  vertex  wk.  See  Fig.  1.  Let  a,b,c,d  be  four  distinguished  vertices  in  counterclock- 
wise order,  and  let  Tj  and  T2  denote  the  boundary  arcs  a-b  and  c-d.  We  wish  to  calculate 
the  resistance  of  P,  R(P),  when  voltages  Vj  and  V2  are  applied  en  Tx  and  V2  and  the 
remainder  of  the  boundary  is  insulated.  Of  course  we  are  concerned  with  ths  idealized 
problem,  not  with  complications  related  to  finite  thickness  of  the  slit,  inhomogeneity,  etc. 

Let  /  be  the  total  current  between  1^  and  T2.  Then  R(P)  =  (y2-V1)/I.  Mathematically, 
the  problem  is  to  solve  Laplace's  equation,  V2V=0,  subject  to  Dirichlet  boundary  condi- 
tions V=Vk  en  Tk  and  Neumann  conditions  8V/0n  =  O  on  the  remainder  of  the  boundary. 
Once  this  is  done,  R(P)  might  be  computed  by  evaluating  /  as  a  line  integral  cf  W  along 
a  curve  running  from  one  insulated  boundary  component  to  the  other.  However,  a  con- 
formal  map  will  make  this  unnecessary.  S1  ppose  a  map  h  is  found  that  carries  P  onto  a 
rectangle  Q  in  such  a  way  that  h(T{)  ana  h  (T^  arc  two  opposite  edges  cf  Q,  as  in  Fig.  1. 
Let  these  edges  be  considered  the  ends  cf  Q,  with  length  W,  n^  let  the  other  two  edges 
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Figure  1.   Conformal  map  of  a  polygon  onto 
an  equivalent  rectangle. 


bs  considered  its  sides,  with  length  L.   If  we  normalize  by  letting  a  square  have  resistance 
1,  then  obviously  Q  has  resistance  LAV.  Therefore  R(P)-L/W  also. 

Since  R(P)  is  a  unique  number,  it  cannot  be  possible  to  map  P  in  this  fashion  onto  an 
arbitrary  rectangle.  In  Tact,  P  can  be  mapped  onto  precisely  those  rectangles  with  lcngth- 
to- width  ratio  LfW.  This  is  consistent  with  the  Riemann  mapping  theorem,  which  states 
that  a  given  simply  connected  region  can  be  mapped  onto  any  other  (provided  neither  is 
the  entire  plane),  but  that  the  images  of  no  mere  than  three  boundary  points  can  be 
chosen  arbitrarily  in  the  process.  Here  we  are  prescribing  the  images  of  four  rather  than 
three  boundary  points,  and  this  extra  condition  gives  rise  to  the  L/W  restriction. 

The  map  h  can  be  constructed  as  the  composition  of  one  (inverse)  Schwarz- 
Chi  istoffcl  map  /  from  P  to  the  unit  disk  D  and  another  Schv/arz-Christoffcl  map  g  from 
D  to  Q.  Consider  first  the  map  /.  The  Schv/arz-Christoffel  theorem  asserts  that  J^1  has 
the  form 


1     N 

w 

0   fc-1 


r\z)  =  we  +  cj  n(i-ry2i)"p*^ 


(1) 


for  some  complex  constants  k'c  snd  C  and  samz  prev  (ices  ?,,.  =  /(wt)  with  [zt|=l,  but  the 
values  of  all  of  these  constants  c-c  a  priori  unknown  [3].  The  problem  of  deteroiirmig 
them  is.  the  Scbwarz-Chi istoffcl  pcramzt:.-  prahlzm.   If  parameter  values  are  chosen 
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arbitrarily,  then  in  general  (1)  will  define  a  map  cf  D  c.to  a  polygonal  region  with  the 
same  angles  as  P  but  v/ith  different  side  lengths.  The  SGPACK  package  deals  with  the 
parameter  problem  by  setting  up  a  noriinear  system  cf  equations  embodying  the  condi- 
tions that  the  side  lengths  come  out  right.  The  unknowns  b  this  system  arc  the  prever- 
tiees  zk,  or  more  simply  their  arguments  6i  =  aryi. 

Unknown:    N  prevertex  arguments  0i  =  ar^z4,      1<&</V; 
Known:    AT  side  lengths     |C/  O(l-^)"0IJ$i  =  K+1-w.|,     lsjfcstf.  (2) 


SCPACK  then  apphes  a  robust  nonlinear  equations  solver  (NS01  A,  by  M.  J.  D.  Powell)  to 
adjust  {Qk}  iteratively  until  (2)  is  satisfied.  Of  course  we  are  glossing  over  many  details, 
in  particular  the  process  cf  numerical  integration;  see  [10]. 

Once  the  parameter  problem  for  /  has  beeii  solved,  the  distinguished  prevertices 
a',  .  .  .  ,d'  on  the  unit  circle  are  known.  To  map  O  onto  a  rectangle  Q,  one  now  applies  a 
second  Schwarz-Christoffel  formula: 

r 

*W  =  SKi-a'n-b')(i-c')(jr-d')]-^di.  (3) 

o 

(The  constants  wc  and  C  have  been  omitted,  since  they  affect  enly  the  scale  and  position 
of  Q.)  This  time  there  is  no  parameter  problem,  because  it  is  the  prevertices  rather  than 
the  image  polygon  that  are  given.  The  resistance  can  be  evaluated  at  the  cost  of  three 
integrals  of  type  (3): 

K)       W        \g(b')-g(a')\  •  V' 

The  map  g  is  essentially  a  Jacobi  elliptic  function.  One  can  take  advantage  of  the 
great  amount  that  is  known  r.bout  these  functions  to  simplify  the  computation  (4).  (The 
benefit  of  doing  so  is  more  esthetic  than  practical,  since  most  of  the  work  comes  in  com- 
puting /,  not  g.)  Given  a',  .  .  .  ,d',  let  their  cross  ratio  x^(_co»°)  ^d  a  real  parameter 
its (0,1)  be  defined  by  the  formulas 

y  =   (b'-a')(d'-c')  (5) 

x     (c'-b-yy-d')'  K} 


k  =  1  -  2(X+  ^X2-X)-  @) 
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Tbcn  (4)  can  be  rewritten  as  a  ratio  of  car.: pis'.:  elliptic  integrals  [Z] 

R(P)  =       ^L   .  (7) 

The  function  A'(*)  can  be  computed  extremely  rapidly  through  the  use  of  a  v/cll-known 
iteration  involving  arithmetic  and  geometric  means: 

ot:=l,    0:=* 
repeat  until  a~{3: 

a':=(a+p)/2 

P':=V^0  (8) 

a:=a',     p:={3' 

This  completes  our  description  of  resistor  analysis  by  means  of  the  Sehwarz- 
Christoffel  transformation.   In  summary,  given  a  polygon  P,  here  is  the  procedure: 

Resistor  analysis  algorithm 

(i)     Call  SCPACK  to  solve  the  parameter  problem  (2)  for  the  prevertices  {zj  of  the 
map  f,  and  in  particular  to  obtain  the  distinguished  prevertices  a' ,  .  .  .  ,d' ; 

(ii)    Insert  a' d'  in  (3)-{4)  cr  (5)-(8)  to  determine  R(P); 

(iii)  As  desired,  call  SCPACK  Co  evaluate  h  or  h'1  at  various  points  from  (3)  and  (1) 
for  plotting  or  other  purposes. 

Figure  2  shows  four  examples  of  successful  resistance  calculations  with  SCPACK. 
(All  of  our  calculations  were  performed  on  a  VAX  780  running  Unix  Fortran  77  in  dou- 
ble precision.)  Each  part  of  the  figure  lists  the  resistance  R  obtained  numerically,  probably 
accurate  to  all  12  places  given,  and  plots  11  cquipotential  and  stream  lines  obtained  by 
mapping  r  rectilinear  grid  in  Q  back  to  P.  Note  that  these  families  of  curves  divide  P  into 
subregions  that  approximate  rectangles  of  lcrgth-to-width  ratio  R.  The  polygons  treated 
can  be  described  as  follows. 

(a)  Regular  pentagon.  Here  the  parameter  problem  for  /  is  trivial  ~  ore  can  take 
equally  spaced  prevertices.  The  coraput  iiou  did  not  tskc  advantage  of  symmetry. 

(b)  L-sliaped  hexagon.  YLzdh  leg  has  ?/idth  1,  out  ;de  length  3.  Again  the  computa- 
tion did  not  take  advantage  of  symmetry.    Note  that  the  influence  of  the  corner  is 
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(a) 


R  =  1.11575250227 
1000  logs 


(b) 


R  =  4.55872841596 
60,000  logs 


(C) 


R  =  2.05637359003 
120,000  logs 


(d) 


gp  =  =  =£=  =  —  EEgJr — : 


R   =    2.76886750270 
304,000    logs 


Figure    2.       Four    resistors 
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obvujusly  very  weak  near  the  ends.  In  fact  by  considering  the  confcrrcal  map  cf  a 
straight  infinite  strip  cntc  an  infinite  strip  with  a  90°  corner  in  it,  one  ran  shew  that  for 
L-shepcd  regions  v/hose  side  length  is  an  integer  I,  the  Lvtticnal  part  of  the  resistance 
approaches  l-21n2%«. 55872880  e-ponentiahy  as  /-».  The  value  for  1=3  in  Fig.  2b 
already  matches  this  to  six  places. 

(c)  Irregular  lO-gcn.  The  vertices  are  located  at  -4+/,  —4—3/,  -2-3/,  -2-2:',  -2/, 
-.6-3/,  3-4/,  5,  4+3/,  and  /. 

fdj  Symmetrica!  domain  with  IrJsmal  contacts.  This  r.-gicn  13  multiply  connected, 
with  all  side  lengths  equal  to  1,  1/2,  or  1/4.  We  treat  it  by  considering  the  quarter 
domain,  an  asymmetrical  but  simply  connected  lC-gon. 

To  estimate  efficiency,  it  is  convenient  to  take  advantage  cf  the  fact  that  most  cf  the 
compter  time  in  all  SCPACX  computations  goes  to  the  repeated  calculation  of  logarithms 
of  complex  numbers  needed  for  evaluating  the  Schwarz-Christoffel  integrand  (1).  The 
-pproximate  number  of  logarithms  required  for  each  computation  is  listed  in  Fig.  2. 
(These  figures  do  not  include  the  somewhat  larger  numbers  needed  for  plotting.)  On  typi- 
cal machines  these  logarithm  counts  correspond  to  cpu  times  cf  a  few  seconds.  Ronghly 
speaking,  they  increase  in  proportion  to  the  cube  of  the  number  of  vertices  [10]. 


3.  Design 

Again  let  P  be  a  polygon  as  in  the  last  section,  with  resistance  R(0).  Let  e  denote 
some  point  on  the  insulated  boundary  cf  P  beginniiig  at  which  a  straight  slit  of  length  5>0 
has  been  cut  in  some  fixed  direction  into  P.  (See  Fig.  3.)  Physically,  the  slit  is  a  perfect 
insulator.  ?4athcmaticaliy,  it  consists  cf  two  extra  sides  to  the  polyg-in  (which  happen  to 
coincide)  added  to  the  part  of  the  boundary  where  the  Neumann  condition  is  applied.  Let 
Pt  denote  the  slit  polygon,  with  resistar.-o  R{s).  Obviously  R(s)  is  a  cronatcnically  nonde- 
creasing  function  of  s,  and  if  the  slit  is  oriented  in  such  a  way  that  for  s^s.:  it  cuts  P  into 
two  halves,  each  cxmtaining  one  of  ±c  bour/Jaiy  ,1705  Tk,  then  R  (s)=oj  for  ;  H  s  ^sx. 


o 

O  - 


R(s) 


Figure  3.   Polygon  with  a  slit  in  it 


Here  is  our  inverse  prob'em. 

Resistor  trimming  problem.  Given  i?0>i?(0),  find  s0  such  that 


(9) 


For  any  fixed  s,  Ps  is  a  polygon  whose  resistance  can  be  evaluated  by  soling  a 
Schwarz-Christoffel  parameter  problem  as  in  Sec.  2.  In  other  words,  we  know  how  to 
evaluate  the  nonlinear  function  R(s)  numerically,  and  this  ability  could  be  used  as  the 
basis  of  an  iterative  solution  of  (9)  [12].  However,  the  point  of  this  paper  is  that  one  can 
do  better.    Let  Ps  have  N  vertices  wx,  .  .  .  ,  >vv,  including  the  following  three  which  define 


the  slit: 


W 
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wy  =  end  of  slit, 


wJ+1  =  e. 


The  resistor  trimming  problem  contains  the  following  N  known  quantities:  N—l  vertices  wk 
(k^J);  1  resistance  R0.  Clearly  it  is  most  natural  to  combine  precisely  these  conditions 
into  a  single  nonlinear  system  of  equations,  rather  than  artificially  treat  vv,  instead  of  R0  as 
known  and  .hen  be  forced  to  iterate.  Reducing  to  real  variables  as  before,  v/e  obtain  the 
fcDowing  generalized  parameter  problem  for  resistor  trimming.  Compare  with  the  stan- 
dard parameter  problem  (2). 


.  i»  .. 


Unknown:    N  prevertex  arguments  Ok  =  atgzk,      lzrk^N; 
Known:    N-2  side  lengths     \Cj    ■  •  ■  |  =  \wk+1-wk\,     k*J-ltJ,  (10a) 


v  v+i 


1  additional  side  length  condition    |C/  ■  ■  •  |  =  \CJ  ■  ■  ■  \:  (10b) 

V-l 

1   resistance  condition    R  =  r0.  (1-Sc) 


Once  the  generalized  parameter  problem  has  been  formulate  J,  all  that  regains  in 
principle  is  to  solve  it  numerically.  We  will  again  skip  over  most  of  the  details,  except  for 
two  important  ones  that  are  worth  mentioning. 

The  first  concerns  implementation  of  (10c).  At  any  step  in  the  iterative  solution  of 
the  parameter  problem,  a  set  of  trial  values  {8J  and  in  particular  a' ,  .  .  .  ,d'  is  in  hand, 
an  J  one  must  determine  how  nearly  (10c)  is  satisfied.  The  direct  approach,  would  be  to 
calculate  the  resistance  R{a' ,  .  .  .  ,d')  by  (3)-(4)  or  by  (5)-(8).  However,  a  more  elegant 
method  consists  of  computing  the  elliptic  integrals  once  and  for  ell  in  advance.  Given  R0, 
begin  by  determining  the  corresponding  prescribed  cross  ratio  Xq-  This  can  be  done  by 
calling  SCPAQC  to  solve  a  (standard)  parameter  problem  for  a  rectangle  with  LfW=R,  or 
by  performing  a  secant  iteration  based  on  (3)-(4)  or  (5)-(8),  cr  by  applying  the  following 
formulas  inverse  to  (6)-(8)  [8]: 


k  =  4V£-  ] 


n-l 


[1+q 


2/i-l 


*±£-  q  =  e-™,  (11) 


X  =  jd-*)({-l).  (12) 

Once  Xo  is  known,  one  can  discard  RQ  and  use  Xo  &  the  main  iteration.  Actually  it  is 
better  to  work  with  lcg|xol>  since  |x|  decreases  exponentially  as  R-&.  Thus  (ICc)  is 
replaced  by 

1  cross  ratio  condition    log  |x|  =  leg  |xc|-  (^c') 

The  second  important  detail  is  that  in  both  (2)  and  (10),  we  have  ignored  the  fact 
that  a  conformal  map  contains  three  arbitrary  parameters.  This  means  that  N  equations 
as  in  (2)  or  (10)  cannot  fully  determine  all  of  the  arguments  [9J,  but  only  N~3  rekti  rrs 
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among  tiicm;  conversely,  there  must  be  tiueo  degrees  of  rcdur.dc.ncy  in  these  equations. 
Wc  have  avoided  discussing  this  issue  because  there  are  many  different  ways  to  resolve  it, 
and  because  the  details  are  strrightforward  but  tedious.  However,  the  cbtailcJ  formula- 
tion of  the  parameter  problem  v/ill  of  course  determine  exactly  > :  aw  it  changes  v/hen  gen- 
eralized for  resistor  trimming.  In  the  particular  formulation  chosen  in  SCPACK,  it  hap- 
pens that  not  N  but  N-2  side  length  conditions  (2)  are  enforced,  namely  those  with 
k^N— 2,N— 1  [10].  The  remaining  two  side  lengths  come,  cut  right  automatically  because 
ox  elementary  geometry.  To  adapt  this  formulation  to  the  slit  rcsistcr  problem,  one  enn 
first  number  the  vertices  so  that  J=N—1,  then  simply  enforce  only  N-Z  side  length  condi- 
tions k*N~3,N-2,N-l.  The  geometry  forces  (10b)  to  be  satisfied  automatically,  so  this 
condition  never  needs  to  be  imposed  explicitly. 

This  completes  our  description  of  resisior  design  by  means  cf  the  Schwarz-Christcffci 
transformation.  In  summary,  given  a  class  of  slit  polygons  {Ps}  and  a  desired  resistance 
Rc,  here  is  the  procedure: 

Resistor  design  algorithm 

(i)      Compute  the  prescribed  cross  ratio  Xo  by  a  secant  iteration  or  by  (]1)-(12); 

(ii)     Call  an   appropriately  modified  version  cf  SCPACK  to  solve  the  generalized 
parameter  problem  (10); 

(iii)   Call  SCPACK  to  evaluate  h  or  h~l  as  desired. 

Figure  4  shows  four  examples  of  resistor  design  calculations,  as  follows: 

(a)  Diamond  with  transverse  slit.   The  diamond  has  width  2,  height  1. 

(b)  Square  with  slit  down  the  middle.   Each  side  has  length  1. 

(<:)  Region  of  Fig.  2c  with  vertical  slit  added.  Note  how  long  a  slit  must  be  cut  to 
bring  the  resistance  up  from  2.06  to  3. 

(d)  L  shape.  Each  leg  has  width  1  and  outside  length  2.  The  slit  begins  at  the  reen- 
trant corner.   With  no  slit,  the  resistance  would  be  VJ  [4]. 

In  these  resistor  trimming  computations,  SCPACK  again  reliably  obtains  answers 
accurate  to  high  precision,  as  indicated.  The  costs  measured  in  logarithms  arc  comparable 
to  there  listed  in  Fig.  2  for  resistor  analysis. 
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(a) 


Ft   =  2 
o 


727775151589 


40,000  logs 


(b) 


.716029596810 


70,000  logs 


(C) 


R   =  3 
o 

s   =  2.21897156112 
o 

213,000  logs 


(d) 


s   =  .330164529748 
o 

52,000  logs 


Figure  4 .   Four  slit  resistors 
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4.  Further  appIicstksES  of  generalized  parameter  pr&blerr.:  < 

In  many  possible  applications  of  Schwarz-Christoffel  maps  -  perhaps  most  -  one  is 
not  simply  given  a  polygon  v/hcee  properties  require  investigation.  Rather,  one  is  given  a 
problem  whose  solution  Involves  a  polygon  whose  geometry  must  be  determined  as  part  of 
trie  computation.  The  cenneetion  of  the  problem  with  the  polygon  may  be  only  implicit, 
and  well  disguised. 

To  find  simple  examples  we  can  vary  the  theme  of  a  slit  resistor.  One  might  have  an 
L  shape  as  in  Tig.  2b  of  known  length  but  unknown  width,  and  wish  to  determine  what 
width  is  needed  to  bring  the  resistance  down  to  a  specified  level.  (This  is  an  idealization 
of  a  timing  question  for  integrated  circuits.)  One  might  want  to  vary  the  angle  of  the  L  to 
achieve  a  desired  property.   And  so  on. 

More  generally,  a  wide  variety  of  Laplace  equation  problems  involving  piece  wise- 
constant  boundary  conditions  can  be  solved  by  viewing  the  unknown  solution  c}>  as  the  real 
part  of  an  analytic  function  /.  In  this  nrocess  a  Dirichlet  condition  <J>=conjf. ,  for  example, 
becomes  a  condition  Re /=  const.,  which  amounts  to  the  horizontal  position  of  a  side  of  a 
polygon,  but  not  its  length.  By  proceeding  in  this  way  one  obtains  generalized  parameter 
problems  involving  a  mixture  of  known  coordinates  and  unknown  slit  lengths.  Details 
will  be  given  elsewhere. 

A  particularly  interesting  situation  appears  in  applications  of  conforms!  maps  to 
two-dimensional  free-streamline  problems  for  jets,  wakes,  and  cavities  by  the  classical 
hodograpk  method  [2].  It  is  well  known  that  this  method  reduces  an  idealized  free- 
streamline  problem  to  a  conformal  mapping  problem  involving  a  polygon  in  the  log- 
hodograph  plane.  But  it  is  rarely  emphasized  in  the  literature  that  only  in  special  cases 
arc  the  dimensions  of  this  polygon  specified  a  priori.  Much  more  often,  some  of  them  are 
unknown,  but  must  be  chosen  properly  in  order  that  certain  dimensions  in  the  physical 
plane  come  cut  right.  Again  one  gets  a  mixture  of  geometric  conditions  in  several  dif- 
ferent planes.   This  will  also  be  discussed  elsewhere. 

In  these  and  analogous  examples,  Jkhwarz-Christoffel  mapping  is  revealed  as  a 
broader  problem  than  just  the  treatment  of  prescribed  polygons,  in  each  case  the  pro- 
cedure for  obtaining  a  solution  is  to  first  give  careful  thought  to  specifying  exactly  what 
unknown  parameters  exist  and  what  mathematical  facts  are  known  that  determine  them 
uniquely.  Ibis  collection  of  knewns  and  unknowns  constitutes  a  generalized  parameter 
problem,  2?  this  is  formulated  in  a  naturs!  way,  there  is  a  good  chance  it  •?■  brs  solved  by 
a  general-purpose  program  for  nonlinear  systems  cf  equations. 
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